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Abstract. Transit OD matrix is fundamental to service planning and
operation. Traditionally, transit OD matrices are generated through on-
board personal interview surveys, albeit highly expensive, time-consuming
and labor-intensive. Therefore, utilizing the readily available data in the
estimation process has been the subject of many research for the past few
decades. This study focuses on the estimation of transit OD matrix using
boarding and alighting passenger counts, which can further be extended
to smart-card data. Four different methods from literature are explored;
namely IPF, Markov Model, Uncertainty Maximization and Compressed
Sensing. Furthermore, a new model for route-level transit OD estimation
is introduced. Unlike compressed sensing, the proposed model employs
ℓ∞ norm regularizer instead of Euclidean norm and uses spot information
about the critical cell in each direction. The proposed model is found to
outperform the existing methods when tested for RMSE value and trip
length distributions for true OD matrices. In the most favourable sce-
nario, the RMSE value was found to be 18 compared to 145 and 95
for compressed sensing and IPF, respectively. Lastly, the trip matrix for
the Haridwar-Rishikesh metro corridor was estimated using the above
methods and the results were compared based on their similarities and
differences.

Keywords: ODmatrix · Boarding & Alighting · IPF · Markov · Entropy
· Compressed sensing .

1 Introduction

Background: Transit OD matrix can be crucial in route designing, route modi-
fication (extending, splitting or merging), transit and crew scheduling, ridership
forecasting, vehicle composition, and so on [17]. They can be generated at route
or network-levels. At route-level, no transfers are taken into account and trips
are assumed to be independent of each other, whereas working at network-level
necessitates dealing with linked trips, which makes the estimation process more
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complicated [13]. The difficulties involved in the conventional ways of OD matrix
generation have forced the researchers to seek feasible alternatives. One such al-
ternative is utilizing automatic data collection systems such as Automatic Fare
Collection (AFC), Automatic Passenger Count (APC) and Automatic Vehicle
Location (AVL). With such systems in place, it is more convenient to collect
large-scale information about passengers’ mobility over longer time periods[6].
Large sample sizes collected from automatic systems help in achieving more
comprehensive trip matrices [2,13].

The problem of OD estimation using boarding and alighting data is ill-posed
in nature. That is, the number of unknowns (OD flows) to be determined is
far higher than the number of equations (constraints) available. Thus, there is
no unique solution to the problem. A number of approaches can be found in
the literature that address such problems. These methods can be classifed into
balancing, Bayesian and optimization categories [11], which are briefed below.

Balancing methods: In these methods, the rows and columns of the base ma-
trix are balanced iteratively in such a way that their totals match the observed
boarding and alighting values as closely as possible. Mosche et al. [18] reviewed
the alternative methods for estimating route-level trip tables. Their findings
showed that in the presence of sample on-board survey and deterministic ride-
check data, Iterative Proportional Fitting (IPF), Constrained Generalized Least
Square (CGLS) and Constrained Maximum Likelihood Estimate (CMLE) meth-
ods produce similar results. Nevertheless, IPF is preferred over other two for its
simplicity. Simon and Furth [19] showed Tsygalnitsky method to be accurate
enough for simple and complex routes. However, it cannot be substituted for the
general OD surveys, as these surveys can generate data which is nowhere else
available (e.g., trip purpose, access/ egress mode, socio-demographics, etc.).

IPF with null seed (i.e., comprised of ones and zeros only) produces the same
results as that of Tsygalnitsky approach [3]. They also found that IPF-null is
plausible for short and less interfered routes. McCord et al. and Mishalani et
al. [15,16] indicated that survey-based IPF not only results in higher accuracy
than IPF-null, but also better than the results of the on-board survey alone.
They further stated that in absence of prior information, IPF-null can be as
good as or better than on-board survey, thanks to the large sample size.

Bayesian methods: Maher [14] proposed a Bayesian inference method which
uses link counts as input. The proposed model has superiority over Entropy Max-
imization (EM) and information minimization approaches for the high emphasis
it lays on the prior information. Hazelton [5] developed a computationally effi-
cient Markov Chain Monte Carlo (MCMC) sampler, which eliminates the need
for enumeration of the candidates. Candidates can rather be sampled directly
from a set of feasible OD trip vectors. Li [12] developed a Markov model and
used on/off counts for the estimation purpose. This approach eliminates the non-
structural zero problem (i.e., the presence of zeros due to erroneous/ incomplete
input data). Ji et al. [8] used (MCMC) algorithm and addressed the enumeration
problem by introducing a novel sampler. Whereas, the sampler used by Hazelton
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[5] was based on Markov model [12] which misses on important regions of the
target distribution under a realistic OD structure, making the convergence of
simulation sequence difficult.

Optimization methods: Willumsen [22] and Van Zuylen [21] employed entropy
maximization and information minimization techniques respectively for OD es-
timation using link count data. Kikuchi and Nopadon [9] applied uncertainty
maximization approach to the Yokohama Seaside Line. The model is capable of
incorporating qualitative as well as quantitative spot information, it is highly
sensitive to such information though. In another study conducted by Kikuchi
and Nopadon [10], the OD table for Hankai Line in Osaka was estimated using
fragmented data. Kumar et al. [11] employed the concept of compressed sensing
to estimate the OD matrix for a bus route in Twin Cities, Minnesota. Their pro-
posed model forces the solution to be sparse. The method was shown to produce
small errors only.

Research gap and objectives: Most of the methodologies developed for OD
estimation using on/ off counts up to date suffer from major drawbacks. The
non-structural zero problem, the need for a base matrix and error magnification
are the main shortcomings balancing methods suffer from. Similarly, most of the
developed methods are not only computationally inefficient, but also produce
significant errors in the estimation process.

This research aims to review the existing methodologies and propose an ap-
proach for transit OD matrix estimation using boarding and alighting counts.
The main objective is to develop a model that can estimate reliable trip matri-
ces, with minimal requirement for prior information and higher computational
efficiency. The proposed method will be validated using several test matrices
and the results will be compared with those generated by some of the existing
methods.

2 Methodology

The methods considered for this study are briefly explained below:

Iterative Proportional Fitting (IPF): IPF method estimates the OD flows
along a transit line in such a way that the estimated OD flows are proportional
to the corresponding entries in the base matrix. The constants of proportionality
alter the elements of the base matrix , making them be consistent with the known
boarding and alighting values. As there is no prior information available, we use
a null seed in this research. Refer to [18] for details about IPF.

Markov model: Given the boarding and alighting counts for a route, initially
the passenger alighting probability (q̂j) for each transit stop is computed using
Equation (1).
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q̂j =
αj + zj

αj + βj +
∑j−1

k=1(yk − zk)
j = 2, ..., n− 1 (1)

A conjugate prior is considered for qj : qj ∼ beta(αj , βj). beta(α, β) is beta dis-

tribution with mean equal to α
α+β and variance of α.β

(α+β)2(α+β+1) . The hyper-

parameters αj and βj are calculated using prior knowledge. In the absence of
such knowledge, their values are taken as one; yk and yj are the number of pas-
sengers boarding and zk and zj are the number of passengers alighting at stop
k and j, respectively.

Subsequently, the transition probabilities are found using Equation (2). pij
is probability of a passenger traveling from stop i to j.

pij = qj

j−1∏
k=i+1

(1− qk) and pi(i+1) = qi+1 (j = i+ 2, ..., n) (2)

x̂ij = pij · yi (i = 1, ..., n− 1; j = i+ 1, ..., n) (3)

Having prepared the transition matrix, the entries of this matrix are multiplied
by the boarding count for the respective stops to get the corresponding OD flows
(see Equation (3)).

Uncertainty maximization: Employed by Kikuchi and Nopadon [9] for the
first time, the method uses spot information to constrain the solution and reduce
the degree of ill-posedness. A non-linear optimization problem was formulated
solving which would ensure maximum entropy and conformity to the given infor-
mation. Spot information can be of qualitative (e.g., the flow between stop i and
j is almost the same as that between stop m and n) or quantitative (e.g., end-
to-end OD flow is 5% of the total trips) forms. They can be incorporated into
the structure of the problem through their membership functions. The problem
is formulated as follows:
Objective: maximize h

S(H) ≥ h (4)

Subjected to:

n∑
j=1

Bi =

n∑
i=1

Aij (5)

SQk
(qk) ≥ h (6)

where, entropy is H =
∑

i pij log2(
1
pij

), Bi and Aj are the total boarding and

alighting at stop i and j, respectively, h is an artificial variable, S(H) and SQk
(qk)

are membership function for entropy and spot information, respectively.
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Compressed sensing: This approach was proposed by Kumar et al. [11]. It
is based on the concept of convex optimization. The basic assumption is that
passengers boarding at a station are unlikely to be alighting at all the sub-
sequent stations, rather they will be attracted by a small number of stations.
Therefore, the solution sought needs to be sparse (i.e., contain predominantly
zero elements). To achieve a sparse solution, the ℓ0 norm of the solution vector
needs to be minimized. However, minimizing the ℓ0 norm of the vector is an NP
hard problem. Instead, ℓ1 is used as a surrogate norm. Typically, ℓp norm of x is
defined as ℓp = p

√∑
i |xi|p where pϵR. In addition to Equation (5), the following

constraints are considered:

xii = 0 (7)

xij = 0 if i > j (8)

k∑
i=1

(bi − ai) =

k∑
i=1

n∑
j=k+1

xij (9)

Equation (7) and Equation (8) show the flow within the same stop and that to
the prior stops in a single direction is equal to zero. Further, section loads can
be constrained using Equation (9). All these constraints can be expressed in a
general form as Equation (10):

A(x) = B (10)

The optimization problem can be written as:

minimize ∥Ax−B∥2 + µ∥x∥1
subject to x ≥ 0

(11)

µ controls the degree of sparsity in the solution.

Proposed method: Inspired from compressed sensing, the present study pro-
poses a modified version of the compressed sensing approach. Following are the
novelty of the proposed model.

1. Unlike compressed sensing, the current model uses ℓ∞ norm: ℓ∞ norm also
called as maximum norm is used to spot the maximum absolute value in the
error vector |Ax−B|

2. µ = 0.2 is adopted as a measure of sparsity: The concept of sparsity has been
used in image processing and communication networks to compress high
resolution images; thus, minimizing the storage requirement. In the context
of transit OD estimation, sparsity is being controlled by the µ value. A higher
µ value implies higher sparsity, which can be translated into more number of
zero elements in the ODmatrix (i.e., flow between a large number of OD pairs
will be zero). Whereas, a lower value of µ reduces the number of zero entries
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in the OD matrix (i.e., there will be some amount of passenger flow between
a large number of transit stops). The µ value may be adjusted according
to the characteristics of transit system, ridership and data available. Having
tested different values in [0,1] range, we found that µ = 0.2 results in the
lowest RMSE value for most of the test matrices. Thus, we adopt this value
for our further case study.

3. Rigid or approximate spot information about the critical cell in either direc-
tion are provided: Small piece of information (also called as spot information)
about the flow pattern of passengers between some OD pairs can prove handy
in reducing the degree of freedom of our solution. Such information can be
obtained from an old OD matrix, experts’ opinion or surveys conducted.

The on/off counts used as input may come from the APC system. APC data
includes important details such as date, time, bus ID, trip ID, direction and
the number of passengers boarding and alighting at each stop. Raw APC data
needs cleaning before being supplied to the model. The file may be imported
to a database and must be checked for consistency and completeness with the
help of other datasets such as GTFS. APC data can be obtained at different
aggregation levels. In the current study, we have used daily boarding/ alighting
counts; however, in case of higher temporal variability in transit ridership, we
can generate OD tables at a disaggregated level (i.e., trip-level in different time
bins). As pointed out earlier, the µ value would need to be calibrated according
to the data available.

Figure 1 illustrates the procedure for the proposed method. Initially, board-
ing/ alighting data is used to identify the critical cell (i.e., the cell with one of
the highest errors) in the matrix. It is found that the cell corresponding to the
highest boarding and alighting values can be considered as a critical cell. The
value of the critical cell can be supplied from sources such as experts’ opinion,
on-board survey, etc. But at a non-informative scenario, it can be supplied from
IPF-null. The spot information is supplied to the model as a constraint and the
model is run on python API of CVXPY. The method has the ability to generate
remarkably good results provided that accurate spot information is injected into
the model.

Fig. 1. Proposed model
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minimize ∥Ax−B∥∞ + (0.2)∥x∥1
subject to x ≥ 0,

xcr = p

(12)

Equation (12) shows the proposed model, where xcr is the flow for the critical
cell and p is the value of xcr provided by one of the aforementioned sources.

3 Methodology testing

True OD matrices: In the absence of true OD matrix, we have performed our
tests on true matrices collected from the literature (see Table 1).

Table 1. Transit OD Matrices

S No. city ridership study

1 Yokohama Seaside Line, Kanazawa, Japan 22759 [9]
2 Hankai Line, Osaka, Japan 3717 [10]
3 Northeastern region of the United States 17242 [20]
4 East Fort-Kovalam, Kerala, India 374 [1]
5 Line 16, Los Angeles 266 [19]
6 Guangzhou, China 417 [4]

Validation:

RMSE: At first, root mean square error (RMSE) is estimated for each matrix,
which are shown in Table 2. In general, the estimation error is higher for longer
transit lines with heavy ridership (see Table 1). Matrix one and three have shown
the highest RMSE values among all. As expected, IPF and Markov approaches
have similar error values. The proposed method, on the other hand, shows sig-
nificantly lower RMSE values for both matrices and almost similar RMSE values
for the rest of the matrices.

Table 2. RMSE values for test matrices

Matrix IPF Markov Entropy Compressed sensing Proposed method

1 95.008 94.735 41.734 145.675 18.737
2 6.969 7.194 6.482 9.895 6.677
3 156.647 156.637 164.574 233.071 106.822
4 2.581 2.692 3.584 2.788 2.163
5 3.58 3.503 3.574 6.191 3.435
6 3.616 3.697 5.258 2.951 2.917
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(a) test matrix 1
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(b) test matrix 2
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(c) test matrix 3
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(f) test matrix 6

Fig. 2. Trip length distribution for the test matrices

Trip length distribution: The trip length distribution is compared for all matrices
as show in Figure 2. These distribution are drawn based on the number of stops
for each trip. Similar to RMSE validation, Markov and IPF methods produced
similar trip length distributions. These two techniques generate OD matrix of in-
termediate accuracy; a few large deviation from the actual numbers are observed.
From trip length distribution perspective, compressed sensing turned out to be
the most inaccurate method. Even though uncertainty maximization approach
requires spot information and involves formulation of membership functions, its
results are not satisfactory in general. The proposed method, on the other hand,
generated the most consistent results for all test matrices.
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4 Case Study

As a case study, the proposed Haridwar-Rishikesh metro corridor is considered
[7]. The corridor is 34 km long (20 stations), which connects Haridwar and
Rishikesh cities in Uttarakhand, India. The boarding/ alighting data used in
this research is borrowed from the detailed project report (DPR) [7]. The OD
matrix for the given metro line is estimated using IPF, Markov, Compressed
Sensing and proposed approach.

(a) IPF (b) Markov model

(c) Compressed sensing (d) Proposed method

Fig. 3. Estimated OD matrix for Haridwar-Rishikesh metro line

Comparing the results obtained, it can be clearly observed that Markov model
can generate the same results as IPF method with less number of iterations
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and less effort involved. Nonetheless, the difference in OD flows is significant as
we compare these two with compressed sensing and the proposed approach (see
Figure 3). OD flows originating at Arya Nagar Chowk and destined at Jwalapur,
Har ki Podi, Shantikunj, Rajwala, Bibiwala and Rishikesh and those originating
at Haridwar Railway Station and destined at the same destinations are showing
higher deviations from the IPF outcome. From Rishikesh to Haridwar Railway
Station, the estimated passenger trips using IPF, Compressed Sensing and the
proposed method are 1560, 2130 and 1964, respectively, which depict consider-
able differences of 404 (20.5%) and -166 (-8.5%) with respect to the proposed
method. Similarly, the differences for the trips between Haridwar Railway Station
and Har Ki Podi are estimated as -438 (-37.5%) and -819 (-70%), respectively.
In general, the estimations are more diverse for those stops which are major
passenger attractions whereas, they are more or less the same for minor stops.

Having discussed the reliability of the results generated by the proposed
approach, this study can be pivotal for transportation planning and operation.
However, the main limitation of the study is that the results of the case study are
not validated from the field study. This is mainly because the subject corridor is
at the planning phase and is not operational yet. Thus, validation of the method
through an empirical study can be the subject of another study.

5 Conclusion

In this research, four methods were discussed for transit OD matrix estimation.
The performance of Markov and IPF is almost similar. Uncertainty maximiza-
tion approach requires spot information and its outcome is highly sensitive to
the quality of the spot information. The problem with this approach is that it is
difficult to form unbiased membership functions for the given qualitative infor-
mation. Compressed sensing technique forces the solution to be sparse, making
it more suitable for trip-level OD estimation and may result in major errors
if used for daily ridership data. To overcome the high errors, a modified com-
pressed sensing model is proposed. The possibility of major errors is reduced by
lowering the sparsity coefficient (µ). The results of the validation process depicts
that the proposed model outperforms all four methods discussed in this paper.
For instance, for test matrix 1 the RMSE values for compressed sensing was the
highest at 145 followed by IPF and entropy maximization methods at 95 and
41, respectively. While, the RMSE value for the proposed model was only 18.
Furthermore, it can be seen from the trip length distribution that the proposed
method appears more reliable than the rest of the methods.
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